This paper develops an arbitrage-free pricing theory for a term structure of fixed income securities that incorporates liquidity risk. In our model, there is a quantity impact on the term structure of zero-coupon bond prices from the trading of any single zero-coupon bond. We derive a set of conditions under which the term structure evolution is arbitragefree. These no arbitrage conditions constrain both risk premia and the term structure's volatility. In addition, we also provide conditions under which the market is complete, and we show that the replication cost of an interest rate derivative is the solution to a backward stochastic differential equation.
Introduction
Mathematical models for liquidity risk exist in abundance in the market microstructure literature for equity markets (see, for example Ç etin, Jarrow and Protter (2004) , Roch and Soner (2011) , and Jarrow et al. (2011)), yet few models are available for fixed income markets. This is true despite the fact that fixed income markets are generally less liquid than equity markets. The existing fixed income security liquidity risk models view a trade's liquidity impact as analogous to an exogenously determined convenience yield (see Jarrow (2001) (2012)). Measuring the impact of quantitative easy is an active area of research, and crucial in this estimating is modeling the liquidity impact of bond purchases on the term structure of interest rates in an arbitrage-free setting.
The purpose of this paper is to develop a model useful in this and other applications, for example, pricing and hedging interest rate derivatives. This is done using a modified Heath, Jarrow, Morton (HJM) model (Heath et al. (1992) ) where the number of zero-coupons trading (a continuum) is larger than the number of underlying stochastic factors (a finite number). Our liquidity risk modification uses insights from the equity market liquidity risk models of Roch and Soner (2011) and Jarrow et al. (2011) .
We consider a bond market with traded zero-coupon bonds of all maturities. Suppose a trader purchases zero-coupon bonds of a certain maturity. Since close maturity zero-coupon bonds have the same underlying stochastic factors, it is natural to expect that close maturity zerocoupon bonds would also be affected by this trade. Intuitively, if unexpected buy orders occur for a particular bond, then other traders need to sell this bond or its close substitutes in equilibrium to satisfy the demand, which necessitates lower risk premiums. Unlike equities, zero-coupon bond prices must converge to their face value at maturity. This constraint, along with the above intuition, suggests that it is more natural to work with changing risk premiums than changing prices when incorporating liquidity impacts on a term structure of zero-coupon bonds. In the standard HJM model without liquidity risk, risk premium are characterized by the stochastic discount factor process. The key insight of our paper is to impose the quantity impact of a trade directly on the stochastic discount factor process itself, rather than on the bond price processes, as normally done in the equity markets literature.
An outline for this paper is as follows. Section 2 sets up the model structure and formulates the term structure evolution given liquidity risk. Section 3 introduces a trade invariance principle and static arbitrage opportunities, characterizing risk premium consistent with no round-trip static arbitrages. Section 4 provides sufficient conditions for the term structure evolution with liquidity risk to have no static or dynamic arbitrage opportunities. Pricing interest rate derivatives in complete markets is studied in Section 5. Section 6 studies the term-structure of marginal liquidity impacts on zero-coupon bond prices. We conclude in Section 7.
The Model
Let (Ω, F, F, P) be a standard filtered probability space on which a d-dimensional Brownian motion W is defined. On this probability space, define the default-free spot rate process by r = (r t ) t≥0 and assume that r ∈ L 2 (dP, dt), i.e. We denote by P the predictable σ-algebra on R + × Ω and B(R d ) the Borel sets in R d .
We assume that the cost of purchasing (or the proceeds from the sale) x units of a default-free zero-coupon of maturity T is l t (x) := x 0 p T t (y)dy where p T t (x) is the marginal price (prices for the purchase or sale of dx shares given x shares have already been bought (sold if x is negative)).
The value l t (x) can be interpreted as the liquidation value of a position of size x (see Equation The essential feature of a term-structure model is the ability to trade multiple bonds with different maturities. Although the analysis applies to the set of maturities [0, ∞), we assume that only a finite number of zero-coupon bonds with maturities T ∈ T = {T 1 , T 2 , . . . , T n } ⊂ [0, ∞) can be traded, each with price impacts. As such, we represent the collection of zero-coupon bonds with maturities in T held at a given time as a vector x = (x T ) T ∈T in R n (throughout, we use the convention that vectors are denoted by bold-face characters). A position in the zero-coupon market is thus a pair (x, T ).
We assume that for each pair (x, T ), there exists a term-structure evolution of the form:
, and a T (x, T ) a predictable process for each (x, T ). We also assume that
Finally, we define the time t value of a money market account A t = exp( t 0 r s ds), and the discounted zero-coupon prices by P T t (x, T ) = p T t (x, T )/A t . This is the standard HJM term structure formulation, with the exception that the zero-coupon bond price evolutions depend on the pair (x, T ).
We start with the following no-arbitrage hypothesis (No Free Lunch Vanishing Risk (NFLVR)):
Hypothesis 2.1 (NFLVR Infinitesimal Traders) There are no free lunches with vanishing risk (NFLVR) for infinitesimal traders for all (x, T ), i.e. the term structure
forms a market with NFLVR for each fixed (x, T ).
The general NFLVR condition was introduced by Delbaen and Schachermayer (1998) , and was shown to be the no-arbitrage condition needed to obtain the existence of a local martingale measure for discounted security price processes. Hypothesis 2.1 implies that given some trader takes the position (x, T ), a hypothetical infinitesimal trader whose trades have no impact on the price cannot generate arbitrage opportunities. In particular, since the zero-coupon bond price processes P (x, T ) are bounded by 1 (assuming interest rates are non-negative), in this case they are true martingales.
To understand the impact of this hypothesis, consider a market with zero trades, i.e. where x = 0. By Girsanov's Theorem there exists a d-dimensional predictable process φ such that E(−φ·W ) is a P-martingale and the discounted zero-coupon bond price processes P T (0) (T ≥ 0)
are Q-martingales with the measure Q defined by
From Equation 1 it is clear that φ solves the equation
for all t, T . This is the standard HJM no-arbitrage drift condition for P T t (0) (see Heath et al. (1992) ). Using this condition, we can rewrite (1) when x = 0 for the discounted zero-coupon bond price processes under Q as
is a Q-Brownian motion. One can view the model for P (0) as the term structure that would be observed if no investors participate in the market. As such, φ is interpreted as the risk premium in a perfectly liquid market.
Since NFLVR holds for any (x, T ), we can take this analysis a step further and find a d-
is a Q-martingale and the zero-coupon bond price processes P T (x, T ) (T ≥ 0) are Q(x, T )-martingales with the equivalent probability measure Q(x, T ) defined by
Applying Girsanov's Theorem again, we can define
T in the above notation. In vector notation, Equation 1 becomes
where P t (x) is the vector (P T t (x)) T ∈T and ΣP(x) is a matrix, indexed by
When an investor takes the position (x, T ), defining
this change of measure the discounted zero-coupon bond prices are given by
Note that under the measure Q(x, T ), zero-coupon bond prices are the expected discounted value of their payoffs at time T . Given that φ is the risk premium in a perfectly liquid market, we can interpret ψ(x, T ) as the risk premium generated by the position (x, T ) in a market with liquidity risk. As such, the purchase (respectively sale) of zero-coupon bonds cause prices to increase (resp. decrease) due to a decrease (resp. increase) in the risk premium. Note that the risk premium ψ and φ may not be unique. varies. This is the topic of the next section.
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The process p T (x) = (p T t (x)) t≤T is interpreted as the marginal price of the zero-coupon bond T when the investor holds a constant position of (x, T ). There are many ways this position can be constructed. For example, consider a position in x 1 zero-coupon bonds T 1 and x 2 zero-coupon bonds T 2 . The zero-coupons T 1 can be purchased first and then T 2 , which gives a total cost of
Whereas, if the zero-coupon bonds T 2 were purchased first and then the zero-coupon bonds T 1 , this gives a cost of
These need not be equal.
If not, this will lead to static arbitrage opportunities since the liquidation value of a position is the same as the cost of building up that position in the reverse order. Indeed, suppose l 1 < l 2 .
Then the arbitrage consists in first buying x 1 zero-coupon bonds T 1 and then x 2 zero-coupon bonds T 2 , at a total cost of l 1 dollars, and an instant later (t + ), selling the x 1 zero-coupon bonds T 1 and then selling x 2 zero-coupon bonds T 2 with the proceeds
which is equal to l 2 as goes to zero. The resulting cash flow from this round trip as goes to zero is a sure l 2 − l 1 > 0 dollars at its creation, generating arbitrage profits. Note that in a market with only one illiquid asset, this issue does not arise. This example highlights the need for an additional consistency condition on prices across different maturities to remove this type of static arbitrage opportunity.
Consider a position x ∈ R n for which x T i gives the number of zero-coupon bonds of maturity T i in the portfolio. A liquidation strategy for a position x ∈ R n consists of a directed curve C in R n starting at x and ending at 0. (Here 0 denotes the zero vector in R n .) Definition 3.1 A liquidation strategy, associated to a set of maturities T , is a simple directed curve C x in R n (with |T | = n), starting at x and ending at 0. The discounted liquidation value associated to the liquidation strategy C x is defined as L t (C x , T ) = C x P t (y, T )dy.
We denote by T * = max T .
The analogous concept of a position taking strategy consists in a directed curve starting from 0 to a position x ∈ R n . By extension, we can also define the (discounted) cost of changing from a position x 1 to a position x 2 along the simple directed curve C joining x 1 and x 2 as
There are many liquidation strategies that attain the same position. For instance, the strategy which consists in first liquidating x 1 then x 2 can be written as the directed curve
defined by
In contrast, a strategy which consists in liquidating both positions at the same time can be written as
(A straight line joining 0 and x in R 2 .)
In general, static arbitrages will exist if the liquidation costs vary among different liquidation strategies. The following no round-trip arbitrage assumption states that the discounted liquidation value should be independent of the curve C chosen. We call this the trade sequence invariance principle for L. for all T , and for all liquidation strategies C which start and end at 0,
Since the liquidation value over a curve for which the direction has been inverted equals the negative value of the liquidation value of the original curve, we must in fact necessarily have that L t (C, T ) = 0 for all liquidation strategies which start and end at 0. In particular, the liquidation value of a position (x, T ) is independent of the strategy used. We write
instead of L t (C, T ) to alleviate the notation.
Fix (x, T ) and C x an associated liquidation strategy. Then,
By Fubini's Theorem for stochastic integrals (see Theorem IV.65 in Protter (2005) and Veraar (2012)) and the integrability conditions
dy < ∞ and
the order of integration can be reversed and
If C is a closed curve with both endpoints equal to x, then for any t, L t (C) = 0. In particular,
a.s. Consequently, each S i and Ψ are also curve-invariant, so that with a slight abuse of notation we can think of S i and Ψ as functions of x, i.e. we write
We assume that this construction is defined for all (x, T ) by making the following standing assumption:
Hypothesis 3.3 For all T and x ∈ R n , there exists C x such that
This hypothesis ensures that the volatility and rate of return of any position (x, T ) is well defined. In this sense, an investor cannot take a position with infinite volatility or infinite rate of return.
Invariance Principles
We have the following characterization of the invariance principle in terms of zero-coupon bond prices.
Proposition 3.4 (Marginal Price Invariance) Suppose P t (x) is continuously differentiable with respect to x, for all t. The Trade Sequence Invariance Principle holds if and only if
Proof:
If the Trade Sequence Invariance Principle holds, then
Note that the set of probability 1 in which these equalities are satisfied depends on x, S and T .
However, by the continuity of ψ, ΣP , and its derivatives, we can find another set of probability 1 in which it is satisfied for all t, x, T , and S, T ∈ T .
On the other hand, if the equality
if C is closed directed curve and R is a surface in R n whose boundary is equal to C.
This proposition proves that the trade invariance principle implies that the change in the martingale price for zero-coupon bond S after purchasing bond T must be the same as the change in the marginal price for zero-coupon bond T after purchasing bond S.
Other invariance principles related to volatilities and risk premium can also be obtained. 
Proof: When the Trade Sequence Invariance Principle holds, the functions S i and Ψ are well defined and path-independent. By differentiating twice, we find that
for all t a.s, for any T, S and x. In particular, we find that
, for all t a.s.
The rest of the proof is similar to the previous one.
Finally, we can also state an invariance principle for the risk premium ψ:
Proposition 3.6 (Risk Premium Invariance) Suppose that for all (x, T ) there exists a positive
is bounded away from zero (as a function of x). Then there exists a
for all x ∈ R n , a.s. In particular, the risk premium ψ t (x, T ) depends on (x, T ) only through
and ψ i t (0) = 0.
The invariance of the risk premium ψ stated in the previous proposition is with respect to the traded instrument. Indeed, the increase or decrease in the risk premium from trading a given set of zero-coupons does not depend on which maturities are traded. It only depends on the integrated variance of the traded instruments. This is analogous to a similar condition in the original HJM model.
The function Φ may exist even without the assumption on the ratio
. However, if it does not exist, it implies that there are arbitrage opportunities of the specific kind described in Remark 5.6 below. Note that if d = 1, the condition in Proposition 3.6 is automatically satisfied.
Proof of Proposition 3.6:
Fix ω ∈ Ω and t > 0, and take (x, T 1 ) and (y,
Define T = T 1 ∪ T 2 , and redefine x and y with 0's if needed so that their dimensions is the same as the cardinality of T . We first show that there exists a directed curve C x y that starts at y and ends at x such that (ΣP) i t (z)dz = 0 for all z ∈ C x y and i ≤ d. To prove this, consider the following mapping:
in which each C j (x) is defined as the line segment joining the point
is a bijection and its inverse is continuous by the invariance of domain theorem. Furthermore, the preimage M −1 (C) of a connected set C ⊂ R n is itself connected since the inverse of M is continuous.
Consider the two points
Because S(t, z) = (ΣP )(0, T ) × M (z) for all z ∈ R n , the vectors v and w, and all linear combinations of them, satisfy
The pre-image of the straight line connecting v and w is a connected set which contains x and y, as argued above. Consequently, there is a connecting curve C
also solves (10) for all λ which translates into
for all λ and all i, from which we deduce that (ΣP) i t (z λ )dz λ = 0 for all λ and all i.
which is also invariant with respect to the directed curve used for the calculation of this integral.
Moreover, since S(t, x) is differentiable, so is Φ and its derivative satisfies the following relation:
for all x ∈ R n , i ≤ d. (Here, ∂ i denotes the partial derivative with respect to the i-th dimension.)
The function ψ i t (·; ω) : R → R in the statement of the proposition is ∂ i Φ.
We now illustrate the importance of these propositions through various examples.
Example 3.7 Given Proposition 3.6, the simplest choice for the function ψ is
with α > 0. This corresponds to ψ(z) = 2αz and Φ(z) = α|z| 2 . Then for a fixed value of x, there exists a process ξ such that the pair of processes (L(x), ξ) is the unique solution of the following quadratic backward stochastic differential equation:
See Kobylanski (2000) for existence and uniqueness of solutions of quadratic backward stochastic differential equations. Individual zero-coupon bond prices can then be obtained by differentiating with respect to the different components of x:
Now, consider the change of variable given by
) .
An application of Itô's formula gives the stochastic differential equation for Y t :
In other words, Y is a Q-martingale and
0 rsds
, and the marginal price as
The processes P T (x) are Q(x)-martingales in which the measure Q(x) can be obtained by the change of measure given by
Example 3.8 Consider a CIR process for the spot rate:
where κ 0 and θ 0 are positive constants. Suppose that for each x, the process r also has CIR dynamics:
We show that this violates the Trade Sequence Invariance Principle.
The processes ψ(x) that are associated to a CIR model for all x are obtained by substracting (11) from (12) and noting that r t in both equations is independent of x:
in which κ : R n → R and θ : R n → R satisfy κ(0) = κ 0 and θ(0) = θ 0 . It is well known that in this case, the price of a zero-coupon bond of maturity T is given by
and
The trade invariance principle then holds if and only if C p t (x)dx = 0 for all closed curves C.
If α and β are differentiable at a point x then under the trade invariance principle we must
which is equivalent to
for almost all t and for any S, T and x. Since r t is a stochastic process, the above equality will be satisfied if and only if
(Here, ∆ S α T (x) is the size of the discontinuity of α T in the direction x S .) Since this equation must be satisfied for almost all r positive, the only possibility is
Consequently, a CIR model for all x is inconsistent with NFLVR and the trade invariance principle. This leads to the open question as to which risk premium processes are consistent with a CIR model with liquidity risk.
Dynamic Arbitrage
The previous section considered only round-trip static arbitrages introduced by liquidity impacts. This section extends the analysis to consider dynamic arbitrage opportunities. This entails the notion of a self-financing trading strategy in an illiquid market. We follow Roch and Soner (2011) by first defining the concept of a self-financing strategy for simple trading strategies, and then extend this definition to more general trading strategy processes.
We start by defining a self-financing simple trading strategy. Fix T . Let X t = i≥1 ξ i,T 1 {τ i ≤t} be an n-dimensional simple trading strategy in which (τ i ) i≥1 is an increasing sequence of stopping times and ξ i,T ∈ F τ i . Assume that τ 1 > 0 and let τ 0 = 0.
Recall that the total cost of purchasing x 1 shares when x 0 shares are already owned is the total cost of purchasing x 1 shares minus the total cost of x 0 shares by the Trade Sequence Invariance
Principle:
The value of the (discounted) money market account at time t for this trading strategy, including liquidity costs, is equal to:
Recalling that X τ i−1 = X τ i − for i > 1 and X 0 = 0, the previous summation can be re-written as
We then define the (discounted) time t wealth as
with Ψ given by Equation 8, since
This formulation implies the more general definition: Definition 4.1 A self-financing trading strategy (s.f.t.s.) is a pair of (R, R n )-valued adapted processes (Y t , X t ) t≥0 and a set of maturities T that satisfy
with X predictable and such that S(t, X t , T ), given by Equation 6, is integrable with respect to B. The n-dimensional process X t codifies the number of units owned at time t in the n traded zero-coupon bonds with maturities in T = {T 1 , T 2 , . . . , T n } and Y t the number of units in the money market account. The discounted portfolio wealth is then given by Π t = Y t + L t (X t , T ) at time t and satisfies Equation 14.
Using Equation 14
, for y ∈ R, we define the set H y of payoffs of maturity T * attainable at price y by F T * -measurable random variables ξ of the type
in which (X t ) t≥0 is a predictable process with S(t, X t ) integrable with respect to B.
We will denote by H def = y∈R H y the set of all attainable payoffs. We use the following definition of admissibility.
is simply said to be admissible if it is α-admissible for some α ≥ 0.
A strategy is admissible if its payoff is bounded from below. In particular, this definition rules out doubling strategies. We follow Delbaen and Schachermayer (1998) A classical result states that the existence of a local martingale measure for P is equivalent to NFLVR (see Delbaen and Schachermayer (1998) in this regard). We previously used this theorem in Section 2 above.
In the presence of liquidity risk, the wealth equation (14) Proof Let (Y t , X t ) t≥0 be an admissible s.f.t.s. such that Π 0 = 0. The fact that E(−γ · B)
is a martingale implies that we can define a measure Q equivalent to Q such that
Under Q the wealth dynamics can be written as
with B := B + γ s ds a Q -Brownian motion. The process S(s, X s ) dB s is a Q −local martingale. Furthermore, S(s, X s ) dB s ≥ −α, hence it is also a supermartingale. Suppose
As a result, the property E Q H ≤ 0 is also satisfied for all H ∈ C, by Fatou's lemma. Because Q, Q and P are equivalent, these inequalities are also satisfied when the expectation is taken with respect to P. If H is nonnegative, it must therefore be identically zero.
Theorem 4.4 gives sufficient conditions on risk premium such that the term structure evolution is free from dynamic and static arbitrage opportunities, i.e. NFLVR holds. The process γ in the above theorem represents the maximal risk premium that can be obtained by manipulating prices in addition to the risk premium φ in a perfectly liquid market. Indeed, if the lower bound Ψ t (X t ) = −γ t S(t, X t ) is attained, then wealth satisfies the equation
under the physical measure (recall the definition of B in terms of W in (2)).
When Ψ is positive, it suffices to take γ = 0 to obtain the absence of arbitrage from the previous theorem.
Pricing Derivatives
Let the assumptions of Theorem 4.4 be satisfied, so that there are no arbitrage opportunities.
We next study the minimal replication cost of a given interest rate derivative. 
Definition 5.2 The market is said to be complete if all interest rate derivatives H T * ∈ L ∞ are replicable.
Completeness of markets is related to the following condition:
(C1) For each t, and for all z ∈ R d , ω ∈ Ω there exists x ∈ R n such that S(t, x; ω) = z.
Given no liquidity costs, (C1) is equivalent to the invertibility of the matrix (Σ i,T j t P T j t ) i≤d,j≤d for some set of maturities T 1 , T 2 , ..., T d , for all t a.s. Indeed, in that case Σ and P are independent of x and the equation S(t, x) = z becomes (ΣP ) t x = z.
The following theorem gives a sufficient condition in terms of Ψ or Φ for the market to be complete.
Theorem 5.3 (Sufficient Conditions for Market
Completeness) The market is complete if Condition (C1) and the following growth condition are satisfied:
Proof:
By Lemma A.1, we can define a measurable functions S −1 and Φ such that
The growth condition (C2) implies that
for all z, a.s. uniformly over t. By Theorem 2.3 of Kobylanski (2000), there exists a pair (Y, Z)
that satisfies
The replication strategy is not necessarily unique since at any point in time there might not be a unique solution of the equation
However, when there exists a function Φ such that Ψ t (x) = Φ t (S(t, x) ), as in Proposition 3.6, the replication strategy is unique modulo the value of S(t, X t ) since the solution of
is unique if H T * is bounded a.s. (See Theorem 2.6 of Kobylanski (2000).)
Minimal Replication Cost
Definition 5.4 The minimal (discounted) replication cost of a derivative is defined as:
Under (C1) and (C2), the minimal replication cost is always well defined.
If the function Φ does not exist, the minimal replication cost can be obtained by considering Φ t (z) = inf{Ψ t (x) : z = S(t, x)} in BSDE 18 as shown in the following proposition.
Proposition 5.5 (Minimal Replication Cost)
Suppose that the conditions (C1) and (C2') There exists C > 0 such that for all t > 0, x, x ∈ R n :
are satisfied. Define Φ t (z; ω) = inf x∈R n {Ψ t (x; ω) : z = S t (x; ω)}. Then, the minimal replication cost y * can be obtained from the solution (Π * , Z * ) of the BSDE
by letting y * = Π * ,0 . In particular,
Proof: Note that Φ t satisfies (C2') when Ψ t satisfies (C2). Also, (C2') implies (C2).
Let H T * ∈ L ∞ . Let (Y, X) be an adapted solution of
with Z t = S(t, X t ), with Φ given by Lemma A.1 with the additional condition that Φ t (z) = (2000) gives the existence of a solution (Π * , Z * ) of the equation
such that Π * ,t ≤ Y t since Φ ≤ Φ and H T * ≤ H T * . Hence, Π * ,0 ≤ Y 0 is less or equal to the minimal replication cost of H T * .
Let > 0 and define the adapted processes X t = X (t, Z * ,t ), and
, and Z * ,t = S(t, X t ) for all t. Moreover,
Letting → 0, we find that Π * ,0 is equal to the minimal replication cost of H T * . By taking an expectation in (19) for t = 0, we find Π * ,0 = E Q H T * + T * 0 Φ s (Z * ,s )ds . Remark 5.6 If the function Φ in Proposition 3.6 does not exist, the replication cost of x zerocoupon bonds of maturity T maybe less than the market price L 0 (x, T ). Indeed, the market price satisfies
whereas the replication cost is defined as the smallest number y for which the following equation has a solution
If Φ does not exist, the drift term Xt 0 (ΣP) t (y) ψ t (y)dy may not be the same even if S(t, X t ) = S(t, x, T ) for all t, so that y may be strictly less than L 0 (x, T ).
In other words, one may replicate the cash flows of zero-coupon bond T by trading other correlated zero-coupon bonds that have cheaper liquidity costs. (Note however that the marginal price of the zero-coupon bond T will be uniquely defined since NFLVR for infinitesimal traders is assumed.)
This observation does not lead to arbitrage since, when x is positive, the replication cost y and the market price L 0 (x, T ) are both prices to buy a quantity x. In order to profit from this discrepancy, one would have to sell these zero-coupon bonds at a price higher than y but lower than L 0 (x, T ). This is not possible in the current setting since all zero-coupon bonds are purchased at their offered prices, i.e. the marginal price plus liquidity costs. Note that this problem does not arise when Φ exists, so that y = L 0 (x, T ).
Remark 5.7 From the previous proposition, it follows that the processes (Φ t (z)) t>0 , for all z ∈ R d , (if it exists) completely determines the dynamics of all zero-coupon bonds in the market when one of the growth conditions is satisfied and Φ t is differentiable for all t. Indeed fix
Let (Π, Z) be the unique solution of (17) . Then Π t = L t (x, T ) and Z t = S(t, x, T ) for all t, by Equation 9 . This implies that Π t (x, T ) and Z t (x, T ) (considered as functions of x) can be chosen to be a.s. differentiable, and
Furthermore, the corresponding ψ function is obtained from Z as follows:
It is also of interest to compute the marginal price of an interest rate derivative given x units have already been purchased. For this computation consider the BSDE for x units of an interest rate derivative with payoff H T * :
Here, Π t (x) is the total cost of replicating x units of H T * at time t. By formally differentiating this process in terms of x we expect the pair (
∂x ) to solve the BSDE
This idea is made precise in the following proposition:
Proposition 5.8 (Marginal Price of a Derivative) Suppose Conditions (C1) and (C2) are satisfied. Furthermore, assume that Φ t is Lipschitz, uniformly in t. Then, the solution of (20) is differentiable as a function ∂x ), the marginal price of a derivative (when x units have been sold) and its volatility structure, solves BSDE (21) when H T * ∈ L ∞ . In particular, we have the following representation of the marginal price:
in which ∇ Φ t (Z t (x)) is the d-dimensional vector with component i given by
, with Z
. . .
From well-known a priori estimates for linear BSDEs, it suffices to show that
converges to zero in L 2 (dP×dt) to obtain the convergence of Π(x+ )−Π(x) to Y (x) and
to ξ(x). However, the fact that Φ t is Lipschitz implies that
is bounded and converges to 0 a.s.
gives us the desired condition.
In the case x = 0, it suffices to notice that Z(x) ≡ 0.
The Liquidity Impact Term Structure
In this section, we derive a representation of the term structure of liquidity impacts, and show that the process thus obtained is a supermartingale. We first consider the infinitesimal impact of a trade in a zero-coupon bond of maturity T on its price, given that a position x is currently held:
The following proposition gives a full characterization and representation of this process.
Proposition 6.1 (Liquidity Impact Process) Fix x ∈ R n and T ∈ T . Suppose ψ i t (x) is Lipschitz in x, uniformly in t, a.s., for all i. Then, P T is differentiable, the process M T is a Q(x)-supermartingale and can be written in terms of the volatility process of P T as follows:
Furthermore, (ΣP) t (x) is differentiable and M T (x) satisfies the backward stochastic differential
with M T T (x) = 0.
Proof:
Fix x, and T ∈ T . Consider the unique solution (Y, Z) of the linear BSDE
with
is the unique solution of the same BSDE with = 0. Well-known BSDE convergence and a priori estimates results give the convergence of P T (x + δ T ) and (ΣP)
By Equation 3, the pair (∆ P T (x), ∆ (ΣP) T (x)) is the unique solution of the BSDE
We have a similar supermartingale representation for M T,S .
Proposition 6.2 (Cross Marginal Liquidity Impact Process) Fix x ∈ R n and T, S ∈ T . Sup-
is Lipschitz in x, uniformly in t, a.s., for all i. The process M T,S is a Q(x)-supermartingale and can be written in terms of the co-volatility process of P T and P S as follows:
In particular, M 
The proof is similar to the previous one. It suffices to consider the unique solution (Y, Z) of the linear BSDE
This paper develops an arbitrage pricing theory for the term structure of interest rates with liquidity risk. In this model liquidity costs arise from a quantity impact of a trade on the zero-coupon bond prices. Trading in one zero-coupon bond affects the prices of other zerocoupon bonds as well. We provide sufficient conditions for the term structure evolution to be arbitrage free. Given an arbitrage-free term structure with liquidity risk, we price interest rate derivatives in a complete market, and we characterize the term structure of liquidity impacts on the marginal prices of zero-coupon bonds.
A Appendix
Lemma A.1 Under (C1), there exist P ⊗ B(R d )-measurable functions S −1 and Φ that satisfy Φ t (z; ω) = Ψ t (x; ω) and S −1 t (z, ω) = x when z = S t (x; ω).
Proof: By (C1), there exists an inverse of S. By the Kuratowski-Ryll-Nardzewski Theorem, the inverse S −1 and the function Φ can be chosen to be P ⊗ B(R d )-measurable if it can be shown that the set-valued function F (t, z; ω) → {(p, x) ∈ R × R n : S t (x; ω) = z and p = Ψ t (x; ω)} is closed-valued and strongly measurable. For fixed t, z, ω, the fact that S t (·; ω) and Ψ t (·; ω) are continuous clearly implies that F (t, z, ω) is closed, and non-empty due to (C1). Furthermore, if K ⊂ R × R n is a compact set and K 0 is a countable dense subset of K, the set {(t, z, ω) : K ∩ F (t, z, ω) = ∅} = {(t, z, ω) : ∃(p, x) ∈ K, S t (x; ω) = z and p = Ψ t (x; ω)} = n≥1 (p,x)∈K 0 {(t, z, ω) : |Ψ t (x; ω) − p| + |S t (x; ω) − z| < 1 n } is measurable. By extension, if C is a closed set, then C = n≥1 C ∩ B n , with B n the closed ball of radius n around 0 in R × R n . Since C ∩ B n is compact for all n, {(t, z, ω) : C ∩ F (t, z; ω) = ∅} = n≥1 {(t, z, ω) : ∃(p, x) ∈ (C ∩ B n ) ∩ F (t, z; ω)} is also measurable, which by definition implies that F is strongly measurable.
Lemma A.2 Under (C1) and (C2'), Φ is P ⊗ B(R d )-measurable and, for all > 0, there exists a P ⊗ B(R d )-measurable function X : R + × Ω × R d → R n such that S t (X (t, z; ω); ω) = z and Ψ t (X (t, z; ω); ω) ≤ Φ t (z; ω) + Proof :
We first show that Φ is measurable. For this, it suffices to prove that Φ t (z; ω) = lim 
Indeed, the fact that Ψ(x; ·) and S(x; ·) are measurable for all x would then imply that Φ is measurable. To prove (24), we note that for fixed ω and t, S t (x; ω) and Ψ t (x; ω) are continuous functions of x, hence inf x∈Q n {Ψ t (x; ω) : |S t (x, ω) − z| ≤ 1 n } = inf x∈R n {Ψ t (x; ω) : |S t (x, ω) − z| ≤ 1 n } ≤ Φ t (z; ω).
However, for any x such that |S t (x, ω) − z| ≤ 1 n , (C2') implies that |Ψ t (x; ω) − Ψ t (x ; ω)| ≤ 1 n C when z = S t (x , ω), in which C is a positive constant independent of x, x but dependent on (z, ω) and t. Hence, inf x∈Q n {Ψ t (x; ω) : |S t (x, ω) − z| ≤ 1 n } − Φ t (z; ω) ≤ 1 n C.
By taking the limit as n → ∞, we conclude that Φ t (z; ω) = lim n≥1 inf x∈Q n {Ψ t (x; ω) : |S t (x, ω) − z| ≤ 1 n }.
In fact, we can also prove that Φ K t (z; ω) := inf x∈K {Ψ t (x; ω) : z = S t (x; ω)} is also measurable when K is a compact subset of R n , by replacing Q n in the above argument by a countable dense subset of K. This implies that the set {(t, z, ω) : ∃x ∈ K, S t (x; ω) = z and Ψ t (x; ω) ≤ Φ t (z; ω) + } is measurable for all > 0, which in turn implies that the set-valued function F (t, z, ω) → {x ∈ R n : S t (x; ω) = z and Ψ t (x; ω) ≤ Φ t (z; ω) + } is strongly measurable. It is nonempty and closed-valued since Ψ t (x; ω) and S t (x; ω) are continuous functions of x. Therefore there exists a measurable function X (t, z, ω) such that X (t, z, ω) ∈ F (t, z, ω) by the Kuratowski-Ryll-Nardzewski Theorem.
